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I analyse the transport of particles of arbitrary statistics (Bose, Fermi and fractional exclusion
statistics) through one-dimensional (1D) channels. Observing that the particle, energy, entropy
and heat fluxes through the 1D channel are similar to the particle, internal energy, entropy and
heat capacity of a quantum gas in a two-dimensional (2D) flat box, respectively, I write analytical
expressions for the fluxes at arbitrary temperatures. Using these expressions, I show that the
heat and entropy fluxes are independent of statistics at any temperature, and not only in the
low temperature limit, as it was previously known. From this perspective, the quanta of heat
conductivity represents only the low temperature limit of the 1D channel heat conductance and is
equal (up to a multiplicative constant equal to the Plank constant times the density of states at the
Fermi energy) to the universal limit of the heat capacity of quantum gases. In the end I also give a
microscopic proof for the universal temperature dependence of the entropy and heat fluxes through
1D channels.
PACS numbers: 05.60.Gg,05.30.-d,05.30.Pr,44.90.+c
Rego and Kirczenow [1] and, independently, Ange-
lescu, Cross, and Roukes [2], proved theoretically that the
phonons heat conductance, κ, of a quasi one-dimensional
dielectric wire in the ballistic regime in the low temper-
ature limit, is quantized in units of
κ0 ≡
π2k2BT
3h
, (1)
namely κ = Ncκ0, where Nc is the number of phonon
channels available along the wire, h is the Plank constant
and kB is the Boltzmann constant and T is the average
temperature between the ends 1 and 2 of the wire, T =
(T1 + T2)/2, assuming that |T1 − T2|/T ≪ 1.
These results have been experimentally confirmed in
Refs. [3, 4] and have been extended by Rego and Kir-
czenow in Ref. [5], where they showed that the same
quantization rule applies to the heat conductance of par-
ticles of any statistics.
Let us consider a two-terminal transport experiment
in which the reservoirs 1 and 2 are connected by a quasi
1D wire. The temperatures and chemical potentials in
the two reservoirs will be denoted by Ti and µi, respec-
tively (i = 1, 2). The particles in the system may be
bosons, fermions, or may obey fractional exclusion statis-
tics (FES) of parameter α [6–10]. Then the Landauer
formula for the particle and heat fluxes between the two
reservoirs are [5, 11]
I =
Nc∑
n=1
∫ ∞
0
dk
2π
vn(k) [η1(k)− η2(k)] ζn(k) (2a)
U˙ =
Nc∑
n=1
∫ ∞
0
dk
2π
ǫvn(k) [η1(k)− η2(k)] ζn(k) (2b)
where vn(k) is the group velocity of the particles of mo-
mentum k, ηi(k) denotes the thermal particle population
in the reservoir i and, finally, ζn(k) is the particle trans-
mission coefficient through the wire. The summation is
taken over the 1D (available) channels along the wire.
Since the particle group velocity is vn(k) =
h¯−1(dǫ(k)/dk), and assuming further that ζn(k) ≡ ζn
is independent of k, Eqs. (2) get the simple form
I =
ζn
h
Nc∑
n=1
∫ ∞
ǫn(0)
dǫ [η1(ǫ)− η2(ǫ)] (3a)
U˙ =
ζn
h
Nc∑
n=1
∫ ∞
ǫn(0)
dǫ ǫ [η1(ǫ)− η2(ǫ)] (3b)
where ǫn(0) is the lowest energy level in the channel n.
To calculate the heat conductivity, κ ≡ U˙/(T1 − T2),
one introduces in (3) the FES populations [5, 7, 12],
ηi(ǫ) ≡ ηα(ǫ, µ, T ) = [wα(µ, T ) + α] , (4a)
wαα(µ, T )[1 + wα(µ, T )]
1−α = exp[β(ǫ − µ)], (4b)
where β ≡ 1/(kBT ) (α = 0 and 1 correspond to bosons
and fermions, respectively). By doing so, Rego and Kir-
czenow calculated the low temperature limit of κ and
observed that it is independent of α and therefore the
quantization relation (1) holds for particles of any statis-
tics [5, 11]. Nevertheless, a physical understanding of this
mathematical result is still missing [11].
In this letter I extend the results of Rego and Kir-
czenow by showing that the heat conductivity of a 1D
channel is independent of the statistics of particles at any
temperature and I will provide a microscopic explanation
for this result. This is done by observing that there is
a close similarity between the stationary heat and parti-
cle transport in 1D and equilibrium thermodynamics in
2D (or, in systems with constant single-particle density
of states, DOS [13–19]). The quanta of heat conduc-
tance is then nothing but the low temperature limit of
2the 1D heat conductance. Moreover, I calculate the en-
tropy current through the channel and I show that this is
also independent of statistics at any temperature as long
as the particle current is zero.
Let us focus on systems with only one channel, n. We
split the particle and heat fluxes into two parts, one com-
ing from the reservoir 1 and one from the reservoir 2,
In ≡ In,1(µ1, T1) − In,1(µ2, T2) and U˙n ≡ U˙n,1(µ1, T1) −
U˙n,1(µ2, T2), where
In,1(µn, Tn) ≡
ζn
h
∫ ∞
ǫn(0)
ηα(ǫ, µn, Tn)dǫ (5a)
U˙n,1(µn, Tn) ≡
ζn
h
∫ ∞
ǫn(0)
ǫηα(ǫ, µn, Tn)dǫ (5b)
We observe that In,1(µn, Tn) and U˙n,1(µn, Tn) have
exactly the same expressions as the particle number,
Nα(µn, Tn), and internal energy, Uα(µn, Tn), respec-
tively, of a FES system of parameter α in equilibrium
at temperature T and chemical potential µ, which has a
constant DOS, σ = ζn/h. Therefore we can apply here
directly the results we obtained for these latter systems in
Ref. [17]. To specify the notations, let us briefly review
the results of Ref. [17] which are of interest here.
If a FES system of parameter α and density of states
σ = ζn/h, in equilibrium at temperature T , contains Nα
particles, then we define the statistics independent pa-
rameter y0 by the relation
Nα ≡ kBTσ log(1 + y0). (6a)
Knowing y0, one may calculate the chemical potential, µ,
from the equation
(1 + y0)
1−α/y0 = e
−βµ (6b)
and from Eqs. (6a) and (6b) we observe that
exp [(µ− αNα/σ)/kBT ] = 1− exp [−Nα/(σkBT )]. (6c)
If we identify the (generalized) Fermi energy as ǫF ≡
limT→0 µ = αNα/σ we observe that µ − ǫF is also inde-
pendent of α, or, vice-versa, µ − ǫF determine uniquely
Nα, for any α.
In these notations, the grandcanonical potential and
internal energy, Ωα and Uα are [17]
Ωα = −Uα = (kBT )
2σ
[
1− α
2
log2 (1 + y0) + Li2(−y0)
]
=
1− α
2
N2α
σ
+ (kBT )
2σLi2(−y0), (7)
where Li2 is the Euler’s dilogarithm, Li2(z) =∑∞
i=1 z
k/k2 [20]. The fact that, at constant Nα,
the temperature dependent part of Ωα and Uα, i.e.
(kBT )
2σLi2(−y0), is independent of α is an expression
of the thermodynamic equivalence of quantum gases of
the same, constant DOS [13–17].
From Eqs. (7) and (6a), one can obtain the entropy
and the heat capacity [17],
S = −k2BTσ[2Li2(−y0) + log (1 + y0) log y0] (8)
CV = −
N2α
Tσ
1 + y0
y0
− 2k2BTσLi2(−y0), (9)
which are both independent of α. Since, according to Eq.
(6a), limT→0 y0 = ∞, using the asymptotic behavior of
the dilogarithm, Li2(−y0) ∼ −[π2/6 + log
2(y0)/2], one
can recover in the low temperature limit the universal
asymptotic expression for the heat capacity of the sys-
tem, namely [21]
CV ∼ (π
2/3)k2BTσ. (10)
Now we have all the ingredients and we can transcribe
the formalism above into a formalism for the particle
and heat transport along the wire. For this, we iden-
tify In,1(µn, Tn) with Nα(µn, Tn), and we introduce yi0
by
In,1(µn, Tn) ≡
ζnkBTn
h
log(1 + yi0), (11a)
(1 + yi0)
1−α/yi0 = e
−βnµn , (11b)
exp [(µ− αhIn,1/ζn)/kBTn] = 1−exp [−hIn,1/(ζnkBTn)],
(11c)
in analogy to Eqs. (6)
From the equations above and observing that
U˙n,1(µn, Tn) has an expression similar to that of
Uα(µn, Tn), we obtain
U˙n,1 = −
1− α
2
hI2n,i
ζn
− (kBTn)
2 ζn
h
Li2(−yi0).(11d)
From Eqs. (11) we calculate
∂In,1
∂T
=
In,1
T
−
ζnµ
hT
1− exp
[
− hIn,1
ζnkBT
]
α+ (1− α) exp
[
− hIn,1
ζnkBT
]
=
ζnkB
h
log(1 + yi0)−
ζnµ
hT
yi0
1 + αyi0
, (12a)
∂In,1
∂µ
=
ζn
h
[
1− exp
(
− hIn,1
ζnkBT
)]
α+ (1− α) exp
(
− hIn,1
ζnkBT
) = ζnyi0
h(1 + αyi0)
.
(12b)
∂U˙n,1
∂T
= −(1− α)
hIn,1
ζn
∂In,1
∂T
− 2k2BTn
ζn
h
Li2(−yi0)
+
µIn,1(1 + yi0)
T (1 + αyi0)
, (13a)
∂U˙n,1
∂µ
= −(1− α)
hIn,1
ζn
∂In,1
∂µ
− 2k2BTn
ζn
h
Li2(−yi0)
+
In,1(1 + yi0)
1 + αyi0
, (13b)
3To calculate the low temperature approximations, we
use the fact that limT→0 yi0 =∞ for any α and obtain
yi0,α>0
T→0
∼ e
µ
αkBT +
1− α
α
, (14a)
In,1,α>0
T→0
∼
ζnµ
hα
+
(1− α)ζnkBT
αh
e
−
µ
αkBT (14b)
U˙n,1,α>0
T→0
∼
ζnµ
2
2hα
+
π2ζn(kBT )
2
6h
+
(1− α)ζnkBTµ
αh
×e
−
µ
αkBT (14c)
for α > 0, whereas for α = 0 we have
yi0,α=0
T→0
∼ −
kBT
µ
−
1
2
, (14d)
In,1,α=0
T→0
∼ −
ζnkBT
h
[
log
(
−
µ
kBT
)
+
µ
2kBT
]
(14e)
U˙n,1,α=0
T→0
∼
π2ζn(kBT )
2
6h
−
ζnkBTµ
h
log
[
−
µ
kBT
]
(14f)
From Eqs. (14) we calculate the derivatives of In,1 and
U˙n,1 at low temperatures:
∂In,1,α>0
∂T
T→0
∼
(1− α)ζnkB
αh
[
µ
αkBT
+ 1
]
e
−
µ
αkBT(15a)
∂In,1,α>0
∂µ
T→0
∼
ζn
hα
−
(1− α)ζn
α2h
e
−
µ
αkBT (15b)
∂U˙n,1,α>0
∂T
T→0
∼
π2ζnk
2
BT
3h
+
(1− α)ζnkBTµ
αh
+
(1− α)ζnkBµ
αh
[
µ
αkBT
+ 1
]
e
−
µ
αkBT(15c)
∂U˙n,1,α>0
∂µ
T→0
∼
ζnµ
hα
−
(1− α)ζnkBT
αh
[
µ
αkBT
− 1
]
×e
−
µ
αkBT (15d)
∂In,1,α=0
∂T
T→0
∼
ζnkB
αh
[
− log
(
−
µ
αkBT
)
+ 1
]
(15e)
∂In,1,α=0
∂µ
T→0
∼ −
ζnkBT
hµ
(
1 +
µ
2kBT
)
(15f)
∂U˙n,1,α=0
∂T
T→0
∼
π2ζnk
2
BT
3h
+
ζnk
2
BT
h
µ
kBT
×
[
− log
(
−
µ
kBT
)
− 1
]
(15g)
∂U˙n,1,α=0
∂µ
T→0
∼
ζnkBT
h
[
− log
(
−
µ
kBT
)
− 1
]
(15h)
We observe that the results (15) for α > 0 coincide in the
lowest order approximation with the results (16)-(19) of
Ref. [5], but they are different in general for α = 0.
For example limT→0 ∂In,1/∂T = ∞ for α = 0, whereas
for α > 0 limT→0 ∂In,1/∂T = 0. The only result that
remains the same in the lowest order approximation for
both, α > 0 and α = 0, is ∂U˙n,1/∂T = ζnπ
2k2BT/(3h),
which is the quanta of heat conductance if we set ζn = 1.
Nevertheless, in real heat conductance measurements
the heat transport takes place without particle transport.
Therefore the derivative (∂U˙n,1/∂T )µ (taken at constant
µ) is not the quantity of interest for us. The quan-
tity which represents the heat conductivity is actually
(dU˙n,1/dT )In=0 ≡ (dU˙n,1/dT )In,1 , which is the deriva-
tive of U˙n,1 with respect to T , at constant In,1(µ, T ). In
these conditions the variations of T and µ between the
two reservoirs are related by
dµ
dT
∣∣∣∣
In,1
= −
∂In,1
∂T
∣∣∣∣
µ
(
∂In,1
∂µ
∣∣∣∣
T
)−1
. (16)
Plugging Eq. (16) into the expression for (dU˙n,1/dT )In,1 ,
we obtain
κ =
dU˙n,1
dT
∣∣∣∣∣
In,1
=
∂U˙n,1
∂T
−
∂U˙n,1
∂µ
∂In,1
∂T
∣∣∣∣
µ
(
∂In,1
∂µ
∣∣∣∣
T
)−1
(17)
which, if we replace In,1 by Nα and U˙n,1 by Uα, becomes
identical to the expression for the heat capacity, CV (9).
Therefore we can transcribe Eq. (9) for the heat conduc-
tivity as
κn = −
I2n,1
Tσ
1 + yi,0
yi,0
− 2k2BTσLi2(−yi,0), (18)
which is independent of α at any temperature. In the
low temperature limit Eq. (18) becomes the universal
asymptotic expression, κ0 (1), which is equivalent to (10)
from equilibrium thermodynamics.
The result (1) was obtained before [1, 2, 5, 11] without
imposing the condition dIn,1 = 0 due to the fact that the
second term at the right hand side of Eq. (17) converges
to zero at T → 0, as one can readily check from the
asymptotic expressions (15).
In Ref. [11] Blencowe analyzed also the entropy flux
through the 1D channel in the low temperature limit and
observed that it is independent of α. Let’s analyze it
here from the perspective of Ref. [17] and prove that it
is independent of α at any temperature.
The entropy flux from one of the reservoirs may be
calculated in a way similar to the calculation of heat and
particle fluxes:
S˙ =
kBζn
h
∫ ∞
0
{
[1 + (1− α)n(ǫ)] log[1 + (1− α)n(ǫ)]
−n(ǫ) log[n(ǫ)]− [1− αn(ǫ)] log[1− αn(ǫ)]
}
dǫ
= −
k2BTζn
h
[2Li2(−yi,0) + log (1 + yi,0) log yi,0], (19)
and represents the flux of the number of configurations
of particle populations, {n(ǫ)}, from one reservoir to the
other. But Eq. (19) is identical in form with Eq. (8) and
therefore it is independent of α at any temperature.
To clarify the microscopic reason for which the 1D en-
tropy and heat fluxes are independent of statistics, we use
4Bose Fermi
}II
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flux
FIG. 1: The microscopic analysis of the statistics indepen-
dence of the heat conductivity: there is a one-to-one corre-
spondence between micro-configurations of particles of differ-
ent statistics which have the same excitation energy, U˙B,n,1,
and therefore carry the same heat-fluxes.
Eqs. (11) and the relation Li2(x) + Li2[−x/(1 − x)] =
− 12 log
2(1− x) [20] to write
U˙n,1(µi, Ti) =
αhI2n,1
2ζn
+
ζn(kBTi)
2
h
Li2
(
y0,i
y0,i + 1
)
≡ U˙0,n,1(In,1) + U˙B,n,1(In,1, Ti) (20)
where U˙0,n,1 is the energy flux at zero temperature
and U˙B,n,1 is the excitation energy flux–in a Bose gas,
U˙0,n,1 ≡ 0 and U˙n,1 ≡ U˙B,n,1, hence the notation. As
one can see directly from Eq. (20), U˙B,n,1 is independent
of α at any temperature and therefore at zero net cur-
rent, In,1(µ1, T1)−In,1(µ2, T2) = 0, the heat flux is equal
to the difference between the excitation energy fluxes,
U˙n = U˙B,n,1(In,1, T2)− U˙B,n,1(In,1, T1), (21)
which is independent of α at any T .
The statistics independence of U˙B,n,1(I, T ) at any T
may be interpreted microscopically also starting from the
analogy with the equilibrium thermodynamics of systems
of constant DOS. In Ref. [17] it was proven that for
systems of particles of different statistics, but the same,
constant DOS and particle number, there is a one-to-one
mapping between configurations of particle populations,
{n(ǫ)}, which have the same excitation energy. This im-
plies that the canonical partition functions of such sys-
tems are independent of α and therefore all their canon-
ical thermodynamics is independent of statistics, includ-
ing the entropy and the heat capacity.
The same argument can be transcribed for energy
fluxes in 1D channels. If we have two gases, one of param-
eter α and another of parameter α′, both gases carrying
the same particle flux, In,1, through a 1D channel, then
one can establish a one-to-one correspondence between
configurations of particle populations in the two gases,
with the same U˙B,n,1. Two such configurations, one of
bosons and one of fermions, are shown in Fig. 1. This
implies that both, the excitation energy flux and the en-
tropy flux (which is determined by the flux of the number
of configurations), are independent of statistics.
In conclusion I showed that the particle, energy, en-
tropy and heat fluxes through a 1D channel are analogue
to the particle number, internal energy, entropy and the
heat capacity of a gas of constant density of states. Us-
ing this analogy, I wrote analytical expressions for all the
fluxes and their derivatives with respect to the chemical
potential and temperature, I calculated their asymptotic
expressions in the limit T → 0, and I showed that the
heat and entropy fluxes are independent of the statistics
of the particles involved in the transport at any temper-
ature, not only when T → 0, as it was known before.
Using a construction I introduced in Ref. [17], I showed
what is the microscopic reason for the independence of
statistics of the constituent particles for heat and entropy
fluxes in 1D channels.
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